ABSTRACT. Let k be a global field. Let G be a connected linear algebraic k-group, assumed reductive when k is a function field. It follows from a result of a paper by Bary-Soroker, Fehm and Petersen that when H is a smooth connected k-subgroup of G, the quotient space G/H is of Hilbert type. We prove a similar result for certain nonconnected k-subgroups H of G. In particular, we prove that if G is a simply connected k-group over a number field k, and H is an abelian k-subgroup of G, not necessarily connected, then G/H is of Hilbert type.
INTRODUCTION
Let k be a field. By a k-variety we mean a geometrically integral, separated scheme of finite type over k. Let X be a k-variety. A subset Θ ⊂ X (k) is said to be of type (C 1 ) if there is a closed k-subvariety Y ⊂ X , Y = X , with Θ ⊂ Y (k). A subset Θ ⊂ X (k) is said to be of type (C 2 ) if there is a k-variety X ′ with dim X ′ = dim X and a dominant separable morphism π : X ′ → X of degree ≥ 2 with Θ ⊂ π(X ′ (k)). A subset Θ of X (k) is called thin if it is contained in a finite union of subsets of types (C 1 ) or (C 2 ), cf. Serre [Se, Def. 3.1.1] and Bary-Soroker, Fehm and Petersen [BFP, Section 2] . It follows from the definition that if we have a finite family of thin subsets Θ 1 , . . . , Θ r ⊂ X (k), then their union Θ 1 ∪ · · · ∪ Θ r is again a thin subset.
The notion of a variety of Hilbert type was introduced by Colliot-Thélène and Sansuc [CS] . By definition, see Serre [Se, Def. 3.1 .2], a k-variety X is of Hilbert type if X (k) is not thin. A field k is called Hilbertian if the affine line A 1 k is of Hilbert type. All the global fields (number fields and function fields) are Hilbertian, see [Se, Thm. 3.4 .1] and Fried and Jarden [FJ, Thm. 13.4.2] .
It was proved by Colliot-Thélène and Sansuc in [CS, Cor. 7.15 ] that any connected reductive algebraic k-group over a Hilbertian field k is of Hilbert type. Moreover, we have the following more general result, cf. [BFP] Proof. This theorem is a special case of Theorem 2.2 below.
The plan of the rest of the note is as follows. In the end of the Introduction we give some notation. In Section 2 we consider homogeneous spaces over a number field. The main result of this section, Theorem 2.2, implies Theorem 1.2, and its proof uses [BFP, Thm. 1.1] . In Section 3 we consider homogeneous spaces over a global function field. The main result of this section is Theorem 3.1, the proof of which is similar to and easier than that of Theorem 2.2, and uses [BFP, Cor. 1.2] . In Section 4 we give an alternative proof of Theorem 2.2. We show that a homogeneous space G/H as in Theorem 2.2 has the WWA (weak weak approximation) property, cf. [Se, Def. 3.5.6] , and therefore, by a theorem of Ekedahl and Colliot-Thélène (see [Se, Thm. 3.5.7 If k is a number field, we denote by V (k) the set of all places of k, and by V ∞ (k) the set of all archimedean places. If v ∈ V (k), we write k v for the completion of k at v. We set
NUMBER FIELDS
Notation 2.1. Let k be a field of characteristic 0. Let H be a linear k-group. We assume that the kernel H 1 := ker [H → H mult ] is connected and geometrically character-free. In this case H 1 is an extension of a connected semisimple group by a unipotent group. Note that in characteristic 0, any connected linear k-group H and any abelian linear k-group H satisfy this assumption.
Let G be a connected linear algebraic k-group. We use the following notation: G u is the unipotent radical of G; We need two lemmas.
Lemma 2.3. Let F be a linear algebraic group over a field k, and let Λ be a subgroup of finite index of F(k). If F is of Hilbert type, then the set
Suppose for the sake of contradiction that Λ is thin, then all the sets f i Λ are thin (i = 1, . . . , m), hence the finite union F(k) = f 1 Λ ∪ · · · ∪ f m Λ is thin, which contradicts to the assumption that F is of Hilbert type.
Lemma 2.4. Let T be a k-torus over a number field k. Let T (k
Proof. Since the number field k is Hilbertian, the torus T is a variety of Hilbert type, cf. [CS, Cor. 7.14] . Consider the group of connected components
Proof of Theorem 2.2. We prove the theorem in two steps, using the method of [B1] .
Step 1. The inclusion H ֒→ G induces a homomorphism H mult → G tor , which need not be injective. Choose an embedding j : H mult ֒→ Q into a quasi-trivial k-torus Q, and denote by m :
The subgroup Q ⊂ G Y acts on Y on the left, and Y is a left torsor over X under Q. It follows that all the fibers of π are geometrically integral, in particular, the generic fiber of π is geometrically integral. Therefore, by [CS, Prop. 7.13] , in order to prove that X is of Hilbert type, it suffices to show that Y is of Hilbert type.
Step 2. From now on we assume that H mult embeds into G tor , and we regard H mult as a subgroup of G tor 
where the horizontal arrows are the canonical maps
On the other hand, the homomorphism φ is surjective, hence it is a smooth morphism of varieties, and therefore the subgroup
We show that the fiber X t := µ −1 (t) is of Hilbert type. First we prove that X t has a k-point. Clearly X t is a homogeneous space of G ssu := ker [G → G tor ] . From the assumption that G ss is simply connected we deduce that G ssu is simply connected. Let x 0 ∈ X (k) denote the image of the unit element of 
we see that the homogeneous space X t has a k v -point for every v ∈ V ∞ (k). By a localglobal principle for such homogeneous spaces, see [B1, Prop. 3.4(i) ], the homogeneous space X t has a k-point x. Now let H 1,x denote the stabilizer of x in G ssu , then H 1,x is connected. Since X t is isomorphic to G ssu /H 1,x , where H 1,x is a connected k-subgroup of a connected linear k-group G ssu , by Proposition 1.1 X t is of Hilbert type.
By Lemma 2.4 the subset
is not thin, and we have shown that for any t ∈ T (k) ∩ T (k ∞ ) 0 the fiber X t of X over t is of Hilbert type. By [BFP, Theorem 1.1] , the variety X is of Hilbert type.
FUNCTION FIELDS
Let k be a field of characteristic p > 0. Let G be a smooth connected reductive linear algebraic group over k. We set G ss = [G, G] and G tor = G/G ss .
Recall that a global function field is the function field of a smooth, projective, connected curve over a finite field. Step 2. From now on we assume that H mult embeds into G tor , and we regard H mult as a subgroup of G tor . The canonical homomorphism G → G tor takes H to H mult ⊂ G tor and induces a G-equivariant map µ : X → T := G tor /H mult . We see that T is a k-torus, hence T is of Hilbert type, cf. [CS, Cor. 7 .14].
Let t ∈ T (k) be a k-point. We show that the fiber X t := µ −1 (t) is of Hilbert type. Clearly X t is a homogeneous space of G ss := ker [G → G tor ] . Let x ∈ X t (k). Since H mult embeds into G tor , the stabilizer H 1,x of x in G ss is conjugate in G to H ∩ G ss = H 1 , hence it is smooth, connected and semisimple. Now by Proposition 3.2 below, the homogeneous space X t has a k-point x. Let H 1,x denote the stabilizer of x in G ss , then H 1,x is smooth and connected. Since X t is isomorphic to G ss /H 1,x where H 1,x is a smooth connected ksubgroup of a smooth connected reductive k-group G ss , by Proposition 1.1 X t is of Hilbert type.
Since T is of Hilbert type and for any t ∈ T (k) the fiber X t of X over t is of Hilbert type, by [BFP, Cor. 1.2 ] the variety X is of Hilbert type.
In the proof of Theorem 3.1 we used the following result for function fields, which is similar to [B1, Prop. 3.4(i) ] for number fields. 
Proof. For a commutativeétale algebra L/K, we consider the category of pairs
This category is clearly a groupoid (maybe empty). Over the algebraic closure k of k such a pair clearly exists and any two such pairs are isomorphic. We obtain a fibered category G X over Spec k, which is a gerbe locally bound by H, see Giraud [G, Ch. IV, 5.1.2] . Since H is semisimple, the band of G can be represented by a quasi-split k-form H 0 of H, see [D2, Prop. V.3.2] , and the gerbe G is bound by H 0 . By definition, the gerbe G X is neutral (trivial) if a pair (P, α) as above exists over k, see Giraud [G, Ch. IV, Prop. 5.1.4(ii) ]. For details see also [D1, § 1] . Since k is a global function field, and since H 0 is smooth, connected and semisimple, by Douai's theorem [D2, Cor. VIII.1.4] any gerbe over k which is bound by H 0 is neutral. Thus our gerbe G X is neutral, i.e., there exists pair (P, α) as above, defined over k. By Harder's theorem [H, Satz A] any torsor of a simply connected semisimple k-group over a global function field k has a k-point. Thus P has a k-point p. We obtain a k-point x of X by taking x = α(p) ∈ X (k). This completes the proofs of Proposition 3.2 and Theorem 3.1.
WEAK WEAK APPROXIMATION
In this section we give an alternative proof of Theorem 2.2, using the WWA (weak weak approximation) property. In this section k is always a number field and S ⊂ V (k) is a finite subset.
One says that a k-variety X has the WWA (weak weak approximation) property, if there exists a finite subset S 0 ⊂ V (k) with the following property: for any finite subset
. By a theorem of T. Ekedahl and J.-L. Colliot-Thélène, see [Se, Thm. 3.5.7] , any variety with the WWA property is of Hilbert type. We shall prove that G/H as in Theorem 2.2 has WWA, thus it is of Hilbert type.
Notation 4.1. Let X be a smooth k-variety. We write Br(X ) for the cohomological Brauer group of X , i.e. Br(X ) = H 2 et (X , G m ). We set Br 1 (X ) = ker[Br(X ) → Br(X)] where X = X × k k. We define the algebraic Brauer group Br a (X ) by Br a (X ) = coker[Br(k) → Br 1 (X )]. For a finite subset S ⊂ V (k) we set
. Let B be a discrete Gal(k/k)-module which is finitely generated as an abelian group (we say just "a finitely generated Galois module"). We write
,
. Let A → B be a morphism of finitely generated Gal(k/k)-modules. We write H i (k, A → B) (i = 1, 2, . . . ) for i-th Galois hypercohomology of the complex A → B, where A is in degree 0 and B is in degree 1. We define X 
Choose an epimorphism of Γ-modules P ։ B, where P is a permutation Γ-module. Set L = A × B P, then we have a quasi-isomorphism (L → P) → (A → B), and therefore isomorphisms
. We have a short exact sequence of complexes
which induces a hypercohomology exact sequence
which in turn induces isomorphisms [Sa, (1.9 .1)]). Since A and P are finitely generated free abelian groups, L is a finitely generated free abelian group as well. We set L ∨ := Hom(L, Z). Choose an epimorphism P ′ ։ L ∨ , where P ′ is a permutation Γ-module. We obtain an embedding L ֒→ P ′′ , where
induces a cohomology exact sequence
which in turn induces isomorphisms [Sa, (1.9 .1)]). Since Gal(k/K) acts trivially on C, and S consists of places with cyclic decomposition groups in Gal(K/k), by [B2, Cor. 3.3 
S,/ 0 (k, A → B) = 0, which proves the lemma.
Alternative proof of Theorem 2.2. Let G and H be as in Theorem 2.2. We have a homomorphism of Gal(k/k)-modules G → H, where G := Hom (G, G m,k ) and H := Hom (H, G m,k ) are the corresponding geometric character groups. Let K/k be the finite Galois extension in k corresponding to the kernel ker Gal(k/k) → Aut G × Aut H .
Let S 0 ⊂ V (k) denote the (finite) set of all places of k with non-cyclic decomposition groups in Gal(K/k). Let S ⊂ V (k) be a finite set such that S ∩ S 0 = / 0. We shall prove that G/H has weak approximation in S.
By [BvH, Thm. 7.2] there is a canonical isomorphism Br a (G/H) 
